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Abstract

Multi-agent interactions, such as communication, teaching,
and bluffing, often rely on higher-order social inference, i.e.,
understanding how others infer oneself. Such intricate rea-
soning can be effectively modeled through nested multi-agent
reasoning. Nonetheless, the computational complexity es-
calates exponentially with each level of reasoning, posing
a significant challenge. However, humans effortlessly per-
form complex social inferences as part of their daily lives.
To bridge the gap between human-like inference capabilities
and computational limitations, we propose a novel approach:
leveraging neural networks to amortize high-order social in-
ference, thereby expediting nested multi-agent reasoning. We
evaluate our method in two challenging multi-agent interac-
tion domains. The experimental results demonstrate that our
method is computationally efficient while exhibiting minimal
degradation in accuracy.

Introduction
We reason about and act in a world that contains not only
inanimate objects but also agents. Reasoning about other
agents is key to our everyday abilities to empathize, commu-
nicate, teach, and more. Imbuing AI systems with adequate
social inference is key to enabling rich multi-agent interac-
tions. For instance, as illustrated in Figure 1, to successfully
interact with another agent, one would need to infer not only
the agent’s goal but also how the other agent infers the goal
of oneself. Current multi-agent systems still cannot conduct
nested multi-agent reasoning efficiently and flexibly.

There have been prior works attempting to build agents
that can conduct nested reasoning with each other to achieve
sophisticated interactions. Most notably, Interactive Partially
Observable Markov Decision Making Process (I-POMDP)
(Gmytrasiewicz and Doshi 2005) provides a framework for
modeling multi-agent systems with nested reasoning. While
the framework is general and can be applied to a broad range
of domains, we still cannot equip autonomous agents with
human-like nested reasoning to date. One of the main chal-
lenges is that inference under the I-POMDP framework is re-
cursive and hence slow. In complex domains in which there
are large state, action, and goal spaces, solving I-POMDP
becomes computationally intractable.
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Figure 1: Illustration of nested reasoning between two
agents. Alice wants to get the apple and Bob may help or
hinder Alice. Agents do not know each other goals. It is cru-
cial that Alice successfully infers Bob’s intent so that Alice
can choose the optimal path to either cooperate with Bob or
compete with Bob optimally. Such inference requires nested
reasoning – in this case, Alice infers how Bob infers Alice.

However, we can make nested reasoning effortlessly in
our daily life despite the complexity of the inference. This
work aims to develop an efficient inference method for
nested multi-agent reasoning. For this, we follow the I-
POMDP framework and propose to amortize inference at
different levels of I-POMDP by training neural networks
to sample data-driven proposals. This allows us to sample
only a small number of hypotheses to cover the ground truth,
which drastically decreases the overall computation without
sacrificing accuracy.

We demonstrate our approach in two complex domains
requiring higher-order social reasoning. In the first domain,
we consider a two-player game in 2D grid worlds, Con-
struction, in which one agent (Bob) needs to help or hin-
der another agent (Alice) but the two agents do not know
each other’s goal. To successfully infer the goal of Bob, one
would need nested goal inference. Additionally, we evalu-
ate our approach in a driving domain, in which drivers must
infer each other’s mental states (including goals and beliefs
about the physical states) recursively to avoid collision and
to signal danger to other drivers in anticipation of a crash.
To successfully predict drivers’ actions, a model must con-
duct nested goal and belief inference. Our experimental re-
sults show that, in both domains, the amortized inference
greatly reduces the total amount of compute while maintain-
ing a similar inference accuracy compared to conventional



approaches. It can also estimate the uncertainty in inference
and generalizes well to unseen scenarios.

Related Work
Nested Multi-agent Reasoning. There have been prior
works formulating nested reasoning between multi-agents.
The most general formulation is the interactive partially
observable Markov decision process (I-POMDP), proposed
by Gmytrasiewicz and Doshi (2005). Additionally, there
have been models that address special cases in nested multi-
agent reasoning. For instance, cooperative inverse reinforce-
ment learning (CIRL) models human-robot cooperation in
which a user needs to infer how a robot assistant infers
the user’s reward (Hadfield-Menell et al. 2016). Frank and
Goodman (2012) model a type of nested reasoning between
a speaker and a listener, pragmatic reasoning, with the Ratio-
nal Speech Act (RSA) modeling framework. Tejwani et al.
(2022) propose a Social MDP framework to model complex
social interactions that rely on nested reasoning about the
reward functions of other agents. While these are all pow-
erful frameworks, there has not been much work on devel-
oping efficient inference algorithms for these frameworks
in complex domains in which the hypothesis space on each
level is very large. Conventional methods (Rathnasabapathy,
Doshi, and Gmytrasiewicz 2006; Doshi and Gmytrasiewicz
2009; Seaman, van de Meent, and Wingate 2018) can con-
duct explicit nested reasoning robustly but fail to scale to
complex environments. Recently, Han and Gmytrasiewicz
(2019) propose an end-to-end model to approximate the
nested belief update as hidden state updates in a neural net-
work to train multi-agent policies. However, such end-to-
end models cannot conduct explicit nested reasoning with
explainable goals and belief representations (e.g., they can
generate actions given agents’ goals but cannot infer agents’
goals based on observed actions). They also cannot estimate
uncertainty in inference. This work aims to fill in the gap by
proposing an efficient inference method that is also explain-
able and robust.

Theory of Mind Reasoning. More broadly speaking,
nested multi-agent reasoning is a type of Theory of Mind
reasoning (Premack and Woodruff 1978), in which agents
need to infer each other’s mental states based on observed
actions. There are two main types of computational mod-
els for Theory of Mind: end-to-end methods based on neu-
ral networks such as Machine Theory of Mind network
(Rabinowitz et al. 2018; Chuang et al. 2020) and model-
based methods relying on generative models of agents such
as Bayesian Theory of Mind (Baker et al. 2017; Ullman
et al. 2009; Shum et al. 2019; Netanyahu et al. 2021). Our
approach combines both types of models to achieve fast
(through neural networks) yet robust (through model-based
reasoning) inference.

Neural Amortized Inference. There have been prior
works on neural amortized inference for accelerating prob-
abilistic inference in complex domains (Le, Baydin, and
Wood 2017), such as computer graphics (Ritchie et al. 2016)
and particle physics (Baydin et al. 2019). These works have
demonstrated that neural networks can be trained to sam-
ple data-driven proposals that are more likely to include the
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Figure 2: Graphical model for I-POMDP where an agent i
plans its actions while modeling another agent j. Dashed
arrows describe the planner that outputs the probabilities of
i’s actions. The solid arrows describe the dynamics of the
environment and another agent j that the planner is based
on.

ground-truth hypothesis. Consequently, the inference algo-
rithms would only need to maintain a small set of particles
in order to achieve high accuracy. In this paper, we adopt the
idea of neural amortized inference to accelerate the infer-
ence following I-POMDP formulation as a general solution
for nested multi-agent reasoning.

Background
I-POMDP
Interactive Partially Observable Markov Decision Process
(I-POMDP) extends POMDP by recursively modeling other
agents in the environment (Gmytrasiewicz and Doshi 2005).
For notational convenience and without loss of generality,
we assume that there are two agents, i and j. Agent i is the
ego agent, which models and interacts with agent j.

As illustrated in Figure 2, an I-POMDP model states
s1:T 1, state observations of the two agents o1:Ti , o1:Tj , actions
of the two agents a1:Ti , a1:Tj ; for agent j, we additionally
model its beliefs b1:Tj and other information about its mind
that is relevant to its behavior, θj . In this work, we define θi
as agent i’s goal. But this can be extended to other types of
information such as preferences.

Following Doshi and Gmytrasiewicz (2009), we induc-
tively define i’s interactive state isi,ℓ at level-ℓ as

Level 0: isi,0 = s

Level 1: isi,1 = (s, bj,0, θj) where bj,0 is a distribution
over j’s interactive state at level 0, isj,0
· · ·
Level ℓ: isi,ℓ = (s, bj,ℓ−1, θj) where bj,ℓ−1 is a distribu-
tion over j’s interactive state at the previous level, isj,ℓ−1

This introduces a generative model for agents’ behavior
conditioned on their nested reasoning, p(is1:Ti,ℓ , o1:Ti , a1:Ti ).

1T is the total number of steps.
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i,`�1| · · · )

<latexit sha1_base64="x+DD3CW22JBAKehN1eJIucFS6sM=">AAACEHicbVDJSgNBEO1xjXEb9ehlMIgRJMyIqMegF48RzAKZZOjpVJI2PYvdNUIY8wle/BUvHhTx6tGbf2NnOWjig4LX71XRVc+PBVdo29/G3PzC4tJyZiW7ura+sWlubVdUlEgGZRaJSNZ8qkDwEMrIUUAtlkADX0DV710O/eo9SMWj8Ab7MTQC2gl5mzOKWvLMgzvPjbu8mbogxCDvYheQeunt0ejdxAeXtSJUh56Zswv2CNYscSYkRyYoeeaX24pYEkCITFCl6o4dYyOlEjkTMMi6iYKYsh7tQF3TkAagGunooIG1r5WW1Y6krhCtkfp7IqWBUv3A150Bxa6a9obif149wfZ5I+VhnCCEbPxROxEWRtYwHavFJTAUfU0ok1zvarEulZShzjCrQ3CmT54lleOCc1qwr09yxYtJHBmyS/ZInjjkjBTJFSmRMmHkkTyTV/JmPBkvxrvxMW6dMyYzO+QPjM8ftB+dog==</latexit>

q`�(✓t
j,`| · · · )

<latexit sha1_base64="ciz/3ilWhz82g3VSaY5Dg/Gxz4s=">AAACAHicbVDJSgNBEO2JW4zbqAcPXgaDECGEGRH1GPTiMYJZIDOGnk4ladOz0F0jhGEu/ooXD4p49TO8+Td2loMmPih4vFdFVT0/FlyhbX8buaXlldW1/HphY3Nre8fc3WuoKJEM6iwSkWz5VIHgIdSRo4BWLIEGvoCmP7we+81HkIpH4R2OYvAC2g95jzOKWuqYBy4OAGknfSi7IER2n2K55JxkHbNoV+wJrEXizEiRzFDrmF9uN2JJACEyQZVqO3aMXkolciYgK7iJgpiyIe1DW9OQBqC8dPJAZh1rpWv1IqkrRGui/p5IaaDUKPB1Z0BxoOa9sfif106wd+mlPIwThJBNF/USYWFkjdOwulwCQzHShDLJ9a0WG1BJGerMCjoEZ/7lRdI4rTjnFfv2rFi9msWRJ4fkiJSIQy5IldyQGqkTRjLyTF7Jm/FkvBjvxse0NWfMZvbJHxifPwWglgY=</latexit>

✓
t,(1)
j,`

<latexit sha1_base64="/n49myA424R+BmwwVcrgJxnqTSA=">AAACAnicbVBNS8NAEN3Ur1q/qp7ES7AIFWpJRNRj0YvHCvYD2ho222m7dLMJuxOhhOLFv+LFgyJe/RXe/Ddu2xy0+mDg8d4MM/P8SHCNjvNlZRYWl5ZXsqu5tfWNza389k5dh7FiUGOhCFXTpxoEl1BDjgKakQIa+AIa/vBq4jfuQWkeylscRdAJaF/yHmcUjeTl99o4AKRewkttEOLYHd8lWCq6R2MvX3DKzhT2X+KmpEBSVL38Z7sbsjgAiUxQrVuuE2EnoQo5EzDOtWMNEWVD2oeWoZIGoDvJ9IWxfWiUrt0LlSmJ9lT9OZHQQOtR4JvOgOJAz3sT8T+vFWPvopNwGcUIks0W9WJhY2hP8rC7XAFDMTKEMsXNrTYbUEUZmtRyJgR3/uW/pH5Sds/Kzs1poXKZxpEl++SAFIlLzkmFXJMqqRFGHsgTeSGv1qP1bL1Z77PWjJXO7JJfsD6+AetVlnc=</latexit>

✓
t,(1)
i,`�1

<latexit sha1_base64="QutBJJHcFZ4CBkM2P73MFKfctSg=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4EJKIqLiqujGZQV7gTaGyXTajp1kwsyJUEPxVdy4UMSt7+HOt3HaRtDWHwY+/nMO58wfxIJrcJwvKzc3v7C4lF8urKyurW/Ym1s1LRNFWZVKIVUjIJoJHrEqcBCsEStGwkCwetC/HNXr90xpLqMbGMTMC0k34h1OCRjLt3ekf3ebuucwPMTkB3276JScsfAsuBkUUaaKb3+22pImIYuACqJ103Vi8FKigFPBhoVWollMaJ90WdNgREKmvXR8/RDvG6eNO1KZFwEeu78nUhJqPQgD0xkS6Onp2sj8r9ZMoHPmpTyKE2ARnSzqJAKDxKMocJsrRkEMDBCquLkV0x5RhIIJrGBCcKe/PAu1o5J7UnKuj4vliyyOPNpFe+gAuegUldEVqqAqougBPaEX9Go9Ws/Wm/U+ac1Z2cw2+iPr4xttbpSQ</latexit>

o1:t
j , a1:t

j

<latexit sha1_base64="GjYeO+/weBY26HYMc/Fohqfn16s=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSLUTUlE1GXRjcsK9gFtDJPJpB07mcSZG6HG4q+4caGIW//DnX/jtM1CWw9cOJxzL/fe4yecKbDtb2NufmFxabmwUlxdW9/YNLe2GypOJaF1EvNYtnysKGeC1oEBp61EUhz5nDb9/sXIb95TqVgsrmGQUDfCXcFCRjBoyTN377xO0mNl5d3ewGOHBDGoQ88s2RV7DGuWODkpoRw1z/zqBDFJIyqAcKxU27ETcDMsgRFOh8VOqmiCSR93aVtTgSOq3Gx8/dA60EpghbHUJcAaq78nMhwpNYh83Rlh6KlpbyT+57VTCM/cjIkkBSrIZFGYcgtiaxSFFTBJCfCBJphIpm+1SA9LTEAHVtQhONMvz5LGUcU5qdhXx6XqeR5HAe2hfVRGDjpFVXSJaqiOCHpAz+gVvRlPxovxbnxMWueMfGYH/YHx+QN0P5U5</latexit>

q�(st
j | · · · )

<latexit sha1_base64="oxAlNYRAd2m2+q5aC/LGWdIoWZg=">AAACFHicbVDLSgNBEJz1GeMr6tHLYhAiatgVUY9BLx4jmAdkk2V20kmGzD6c6RXCmo/w4q948aCIVw/e/BsnyR40saChqOqmu8uLBFdoWd/G3PzC4tJyZiW7ura+sZnb2q6qMJYMKiwUoax7VIHgAVSQo4B6JIH6noCa178a+bV7kIqHwS0OImj6tBvwDmcUteTmDu9cJ+rxVuKAEMf2sOBgD5C6CT9KlRY+OKwdojpwc3mraI1hzhI7JXmSouzmvpx2yGIfAmSCKtWwrQibCZXImYBh1okVRJT1aRcamgbUB9VMxk8NzX2ttM1OKHUFaI7V3xMJ9ZUa+J7u9Cn21LQ3Ev/zGjF2LpoJD6IYIWCTRZ1YmBiao4TMNpfAUAw0oUxyfavJelRShjrHrA7Bnn55llRPivZZ0bo5zZcu0zgyZJfskQKxyTkpkWtSJhXCyCN5Jq/kzXgyXox342PSOmekMzvkD4zPH5OlnoU=</latexit>

q`�1
� (✓t

i,`�1| · · · )
<latexit sha1_base64="/n49myA424R+BmwwVcrgJxnqTSA=">AAACAnicbVBNS8NAEN3Ur1q/qp7ES7AIFWpJRNRj0YvHCvYD2ho222m7dLMJuxOhhOLFv+LFgyJe/RXe/Ddu2xy0+mDg8d4MM/P8SHCNjvNlZRYWl5ZXsqu5tfWNza389k5dh7FiUGOhCFXTpxoEl1BDjgKakQIa+AIa/vBq4jfuQWkeylscRdAJaF/yHmcUjeTl99o4AKRewkttEOLYHd8lWCq6R2MvX3DKzhT2X+KmpEBSVL38Z7sbsjgAiUxQrVuuE2EnoQo5EzDOtWMNEWVD2oeWoZIGoDvJ9IWxfWiUrt0LlSmJ9lT9OZHQQOtR4JvOgOJAz3sT8T+vFWPvopNwGcUIks0W9WJhY2hP8rC7XAFDMTKEMsXNrTYbUEUZmtRyJgR3/uW/pH5Sds/Kzs1poXKZxpEl++SAFIlLzkmFXJMqqRFGHsgTeSGv1qP1bL1Z77PWjJXO7JJfsD6+AetVlnc=</latexit>

✓
t,(1)
i,`�1

<latexit sha1_base64="vgewI9VEN0hUtmMnbuAAS+Gl8yk=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahQi2JiLosunFZwT6gjWEynbZjJ5MwcyPUEPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/yIMwW2/W3kFhaXllfyq4W19Y3NLXN7p6HCWBJaJyEPZcvHinImaB0YcNqKJMWBz2nTH16N/eYDlYqF4hZGEXUD3BesxwgGLXnmnu8l9+UO5fzYSe8SKJeco9Qzi3bFnsCaJ05GiihDzTO/Ot2QxAEVQDhWqu3YEbgJlsAIp2mhEysaYTLEfdrWVOCAKjeZXJ9ah1rpWr1Q6hJgTdTfEwkOlBoFvu4MMAzUrDcW//PaMfQu3ISJKAYqyHRRL+YWhNY4CqvLJCXAR5pgIpm+1SIDLDEBHVhBh+DMvjxPGicV56xi35wWq5dZHHm0jw5QCTnoHFXRNaqhOiLoET2jV/RmPBkvxrvxMW3NGdnMLvoD4/MH5UqUNg==</latexit>

b
t,(1)
j,`�1

Sample

Sample

…

…

…

Sample

Sample

…

…

Level
<latexit sha1_base64="2MjD4KkHKZBHXEUJKWol2ZCTDi0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByl/udJ1Sax/LRTBP0IzqSPOSMmlzqoxCDas2tu3OQVeIVpAYFmoPqV38YszRCaZigWvc8NzF+RpXhTOCs0k81JpRN6Ah7lkoaofaz+a0zcmaVIQljZUsaMld/T2Q00noaBbYzomasl71c/M/rpSa88TMuk9SgZItFYSqIiUn+OBlyhcyIqSWUKW5vJWxMFWXGxlOxIXjLL6+S9kXdu6q7D5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kTOi/PufCxaS04xcwx/4Hz+AA8MjkA=</latexit>

`

Level
<latexit sha1_base64="bYzCckQzHyrTu0BFFFubnirbM+Y=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgxZKIqMeiF48V7Ae0oWy2k3btZjfsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqWWqKDao5FK1Q6KRM4ENwwzHdqKQxCHHVji6nfqtJ1SaSfFgxgkGMRkIFjFKjJWaXeT8zO+VK17Vm8FdJn5OKpCj3it/dfuSpjEKQznRuuN7iQkyogyjHCelbqoxIXREBtixVJAYdZDNrp24J1bpu5FUtoRxZ+rviYzEWo/j0HbGxAz1ojcV//M6qYmug4yJJDUo6HxRlHLXSHf6uttnCqnhY0sIVcze6tIhUYQaG1DJhuAvvrxMmudV/7Lq3V9Uajd5HEU4gmM4BR+uoAZ3UIcGUHiEZ3iFN0c6L8678zFvLTj5zCH8gfP5A+q5jrI=</latexit>

`� 1

<latexit sha1_base64="X0oGYTxBReFAXNGZ5bxiqJqgcaw=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhQgwzQdRj0IvHCGaBZBx6Op2kSc9Cd48Qh8Ff8eJBEa/+hzf/xk4yB018UPB4r4qqel7EmVSW9W3klpZXVtfy64WNza3tHXN3rynDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uh64rceqJAsDO7UOKKOjwcB6zOClZZc88BzE1buUs5Pq+l9osol+yR1zaJVsaZAi8TOSBEy1F3zq9sLSezTQBGOpezYVqScBAvFCKdpoRtLGmEywgPa0TTAPpVOMr0+Rcda6aF+KHQFCk3V3xMJ9qUc+57u9LEaynlvIv7ndWLVv3QSFkSxogGZLerHHKkQTaJAPSYoUXysCSaC6VsRGWKBidKBFXQI9vzLi6RZrdjnFev2rFi7yuLIwyEcQQlsuIAa3EAdGkDgEZ7hFd6MJ+PFeDc+Zq05I5vZhz8wPn8A5UOUNg==</latexit>

b
t,(1)
i,`�2

…

Sample

Sample

Particle 1 to       at level  
<latexit sha1_base64="2MjD4KkHKZBHXEUJKWol2ZCTDi0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByl/udJ1Sax/LRTBP0IzqSPOSMmlzqoxCDas2tu3OQVeIVpAYFmoPqV38YszRCaZigWvc8NzF+RpXhTOCs0k81JpRN6Ah7lkoaofaz+a0zcmaVIQljZUsaMld/T2Q00noaBbYzomasl71c/M/rpSa88TMuk9SgZItFYSqIiUn+OBlyhcyIqSWUKW5vJWxMFWXGxlOxIXjLL6+S9kXdu6q7D5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kTOi/PufCxaS04xcwx/4Hz+AA8MjkA=</latexit>

`

Particle 1 to           at level  
<latexit sha1_base64="bYzCckQzHyrTu0BFFFubnirbM+Y=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgxZKIqMeiF48V7Ae0oWy2k3btZjfsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqWWqKDao5FK1Q6KRM4ENwwzHdqKQxCHHVji6nfqtJ1SaSfFgxgkGMRkIFjFKjJWaXeT8zO+VK17Vm8FdJn5OKpCj3it/dfuSpjEKQznRuuN7iQkyogyjHCelbqoxIXREBtixVJAYdZDNrp24J1bpu5FUtoRxZ+rviYzEWo/j0HbGxAz1ojcV//M6qYmug4yJJDUo6HxRlHLXSHf6uttnCqnhY0sIVcze6tIhUYQaG1DJhuAvvrxMmudV/7Lq3V9Uajd5HEU4gmM4BR+uoAZ3UIcGUHiEZ3iFN0c6L8678zFvLTj5zCH8gfP5A+q5jrI=</latexit>

`� 1

…

…

…
<latexit sha1_base64="X0oGYTxBReFAXNGZ5bxiqJqgcaw=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhQgwzQdRj0IvHCGaBZBx6Op2kSc9Cd48Qh8Ff8eJBEa/+hzf/xk4yB018UPB4r4qqel7EmVSW9W3klpZXVtfy64WNza3tHXN3rynDWBDaICEPRdvDknIW0IZiitN2JCj2PU5b3uh64rceqJAsDO7UOKKOjwcB6zOClZZc88BzE1buUs5Pq+l9osol+yR1zaJVsaZAi8TOSBEy1F3zq9sLSezTQBGOpezYVqScBAvFCKdpoRtLGmEywgPa0TTAPpVOMr0+Rcda6aF+KHQFCk3V3xMJ9qUc+57u9LEaynlvIv7ndWLVv3QSFkSxogGZLerHHKkQTaJAPSYoUXysCSaC6VsRGWKBidKBFXQI9vzLi6RZrdjnFev2rFi7yuLIwyEcQQlsuIAa3EAdGkDgEZ7hFd6MJ+PFeDc+Zq05I5vZhz8wPn8A5UOUNg==</latexit>

b
t,(1)
i,`�2

<latexit sha1_base64="Rn18w9a5cQO3tEW5ulUrvoXv/ns=">AAACBXicbZC7SgNBFIZn4y3GW9RSi8UgRAhhV0QtgzZWEsFcIBuX2clJMmb2wsxZISxpbHwVGwtFbH0HO9/G2SSFJv4w8PGfczhzfi8SXKFlfRuZhcWl5ZXsam5tfWNzK7+9U1dhLBnUWChC2fSoAsEDqCFHAc1IAvU9AQ1vcJnWGw8gFQ+DWxxG0PZpL+Bdzihqy83vO9gHpG5yX3JAiNFdgqXitZvy0cjNF6yyNZY5D/YUCmSqqpv/cjohi30IkAmqVMu2ImwnVCJnAkY5J1YQUTagPWhpDKgPqp2MrxiZh9rpmN1Q6hegOXZ/TyTUV2roe7rTp9hXs7XU/K/WirF73k54EMUIAZss6sbCxNBMIzE7XAJDMdRAmeT6rybrU0kZ6uByOgR79uR5qB+X7dOydXNSqFxM48iSPXJAisQmZ6RCrkiV1Agjj+SZvJI348l4Md6Nj0lrxpjO7JI/Mj5/ABcimE0=</latexit>

✓
t,(N`)
j,`

<latexit sha1_base64="tT/eKFCI7xsg2Cx8yZAXlO7eBrw=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4SZYhAqlJCLqsujGlVSwF2hjmEwn7djJJMxMhBKy8VXcuFDErY/hzrdx0nahrT8MfPznHM6c348Zlcq2v42FxaXlldXCWnF9Y3Nr29zZbcooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH17l9dYjEZJG/E6NYuKGqM9pQDFS2vLMfd9LHypdwlh2n6pK+cbL+TjzzJJdtcey5sGZQgmmqnvmV7cX4SQkXGGGpOw4dqzcFAlFMSNZsZtIEiM8RH3S0chRSKSbjg/IrCPt9KwgEvpxZY3d3xMpCqUchb7uDJEayNlabv5X6yQquHBTyuNEEY4ni4KEWSqy8jSsHhUEKzbSgLCg+q8WHiCBsNKZFXUIzuzJ89A8qTpnVfv2tFS7nMZRgAM4hDI4cA41uIY6NABDBs/wCm/Gk/FivBsfk9YFYzqzB39kfP4ACTWWCw==</latexit>

b
t,(N`)
j,`

<latexit sha1_base64="iqUDDHqqKgjlKhaNfTmakMZj9jY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxZNUsB/QhrLZTtq1m92wuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t75f2DppapotigkkvVDolGzgQ2DDMc24lCEoccW+HoZuq3nlBpJsWDGScYxGQgWMQoMVZq3vW6yHmvXPGq3gzuMvFzUoEc9V75q9uXNI1RGMqJ1h3fS0yQEWUY5TgpdVONCaEjMsCOpYLEqINsdu3EPbFK342ksiWMO1N/T2Qk1noch7YzJmaoF72p+J/XSU10FWRMJKlBQeeLopS7RrrT190+U0gNH1tCqGL2VpcOiSLU2IBKNgR/8eVl0jyr+hdV7/68UrvO4yjCERzDKfhwCTW4hTo0gMIjPMMrvDnSeXHenY95a8HJZw7hD5zPH2InjwE=</latexit>

N`

<latexit sha1_base64="8f/gseg8OG5H8IDH2qeMRH6YnMs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxZNUsB/YhrLZTtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YRK81g+mFGCfkT7koecUWOlx7tu1kEhTr1xt1R2K+4UZJF4OSlDjlq39NXpxSyNUBomqNZtz02Mn1FlOBM4LnZSjQllQ9rHtqWSRqj9bHrxmBxbpUfCWNmShkzV3xMZjbQeRYHtjKgZ6HlvIv7ntVMTXvkZl0lqULLZojAVxMRk8j7pcYXMiJEllClubyVsQBVlxoZUtCF48y8vksZZxbuouPfn5ep1HkcBDuEITsCDS6jCLdSgDgwkPMMrvDnaeXHenY9Z65KTzxzAHzifPwfXkH8=</latexit>

N`�1 Particle 1 to           at level  
<latexit sha1_base64="bYzCckQzHyrTu0BFFFubnirbM+Y=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgxZKIqMeiF48V7Ae0oWy2k3btZjfsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqWWqKDao5FK1Q6KRM4ENwwzHdqKQxCHHVji6nfqtJ1SaSfFgxgkGMRkIFjFKjJWaXeT8zO+VK17Vm8FdJn5OKpCj3it/dfuSpjEKQznRuuN7iQkyogyjHCelbqoxIXREBtixVJAYdZDNrp24J1bpu5FUtoRxZ+rviYzEWo/j0HbGxAz1ojcV//M6qYmug4yJJDUo6HxRlHLXSHf6uttnCqnhY0sIVcze6tIhUYQaG1DJhuAvvrxMmudV/7Lq3V9Uajd5HEU4gmM4BR+uoAZ3UIcGUHiEZ3iFN0c6L8678zFvLTj5zCH8gfP5A+q5jrI=</latexit>

`� 1
<latexit sha1_base64="8f/gseg8OG5H8IDH2qeMRH6YnMs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxZNUsB/YhrLZTtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YRK81g+mFGCfkT7koecUWOlx7tu1kEhTr1xt1R2K+4UZJF4OSlDjlq39NXpxSyNUBomqNZtz02Mn1FlOBM4LnZSjQllQ9rHtqWSRqj9bHrxmBxbpUfCWNmShkzV3xMZjbQeRYHtjKgZ6HlvIv7ntVMTXvkZl0lqULLZojAVxMRk8j7pcYXMiJEllClubyVsQBVlxoZUtCF48y8vksZZxbuouPfn5ep1HkcBDuEITsCDS6jCLdSgDgwkPMMrvDnaeXHenY9Z65KTzxzAHzifPwfXkH8=</latexit>

N`�1
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Figure 3: Illustration of particle sampling at each level using the recognition networks recursively. Networks with the same
colors are the same.

Inference. The level-ℓ agent i performs inference to ob-
tain the belief bti,ℓ := p(isti,ℓ|o1:ti , a1:t−1

i ). i’s interactive
state at level ℓ (i.e., isti,ℓ = (st, btj,ℓ−1, θj)) contains j’s be-
lief at level ℓ − 1 (i.e., btj,ℓ−1 = p(istj,ℓ−1|o1:tj , a1:t−1

j )).
Thus, inference at level ℓ depends on inference at level
ℓ − 1 which depends on inference at level ℓ − 2, and so
on. This recursion terminates at level 0 in which the in-
ference is the same as in a POMDP. That is, the belief is
bi,0 = p(st|o1:ti , a1:t−1

i ), disregarding the other agent.
Planning. The approximate planner of a level-ℓ agent i

determines its policy given its belief bti,ℓ and i’s goal θi. In-
ference in I-POMDP requires planning. Given observations
o1:ti and previous actions a1:t−1

i , the full posterior under the
generative model in Figure 2 contains not only the inter-
active state isi,ℓ = (s, bj,ℓ−1, θj) but also j’s actions and
observations, aj,ℓ−1, oj,ℓ−1, which need to be marginalized
out. Marginalizing actions requires evaluating j’s policy at
level ℓ − 1, πj,ℓ−1(a

t
j,ℓ−1|btj,ℓ−1, θj). As illustrated in Fig-

ure 2, planning also requires inference. For example, agent i
needs to simulate how its own actions may change agent j’s
belief in order to optimally interact with agent j.

Amortized Inference for I-POMDPs

Since planning and inference at level ℓ depend on the
nested inference of beliefs at lower levels, it can be-
come prohibitively expensive to reason about agents with
high ℓ. Hence, we propose to amortize inference at each
level. At level ℓ, we learn a neural recognition model
qℓϕ(is

1:T
i,ℓ |o1:Ti , a1:Ti ) parameterized by ϕ to approximate

p(is1:Ti,ℓ |o1:Ti , a1:Ti ) by minimizing the KL divergence be-
tween exact inference and the recognition model on data

sampled from the generative model p(is1:Ti,ℓ , o1:Ti , a1:Ti ):

L(ϕ, ℓ) = E
[
KL(p(is1:Ti,ℓ |o1:Ti , a1:Ti )||qℓϕ(is1:Ti,ℓ |o1:Ti , a1:Ti ))

]
.

(1)
Sampling at level ℓ requires inference at level ℓ−1. To ac-

celerate the sampling, we amortize the lower level inference
using a previously trained recognition model at that level,
qℓ−1
ϕ (is1:Tj,ℓ−1|o1:Tj , a1:Tj ). At level-0, we learn a recognition

model over states q0ϕ(s1:T |o1:Ti , a1:Ti ).
The algorithm for training a set of recognition models,

q0ϕ, . . . , q
ℓ
ϕ, is outlined as follows:

• Train a recognition model q0ϕ(s1:T |o1:T , a1:T ) by generat-
ing data from p(s1:T , o1:Ti , a1:Ti ) and minimizing L(ϕ, 0).

• for levels ℓ = 1, . . . , L

– Train qℓϕ(is
1:T
i,ℓ |o1:Ti , a1:Ti ) by generating data from

p(is1:Ti,ℓ , o1:Ti , a1:Ti ) and minimizing L(ϕ, ℓ).

We describe how we generate the training data in the sup-
plementary material.

Factorization of the recognition model. We factorize the
recognition model autoregressively:

qℓϕ(is
1:T
i,ℓ |o1:Ti , a1:Ti ) =

T∏
t=1

qℓϕ(is
t
i,ℓ|ist−1

i,ℓ , o1:ti , a1:t−1
i ).

(2)

This allows us to approximate the belief at any step t,
bti,ℓ = p(isti,ℓ|o1:ti , a1:t−1

i ). We further factorize the recog-



nition model at each step over beliefs, states, and goals:

qℓϕ(is
t
i,ℓ|ist−1

i,ℓ , o1:ti , a1:t−1
i ) = qℓϕ(b

t
j,ℓ−1|ist−1

i,ℓ , o1:ti , a1:t−1
i )

· qϕ(st|ist−1
i,ℓ , o1:ti , a1:t−1

i )

· qℓϕ(θj |ist−1
i,ℓ−1, o

1:t
i , a1:t−1

i ).

(3)

One remaining challenge is parameterizing the distribu-
tion over beliefs at the lower level ℓ − 1, btj,ℓ−1. For
this, we first examine the distribution over btj,ℓ−1 un-
der the prior, p(btj,ℓ−1|otj,ℓ−1, b

t−1
j,ℓ−1, a

t−1
j,ℓ−1), following the

factorization in Figure 2. Under the prior, this distribu-
tion is a deterministic belief-update function of the cur-
rent observation, previous belief, and previous action. Since
such belief updates are in general intractable, we repre-
sent beliefs as a set of N weighted samples (or parti-
cles), {(ist,(n)j,ℓ−1, w

t,(n)
j,ℓ−1)}Nℓ

n=1. We perform a particle up-
date, btj,ℓ−1 = ParticleUpdate(otj,ℓ−1, b

t−1
j,ℓ−1, a

t−1
j,ℓ−1), at

each step. In this paper, we set the recognition distribution
over btj,ℓ−1 to be identical to the prior. That is, to sample
from the recognition model qϕ(btj,ℓ−1|otj,ℓ−1, b

t−1
j,ℓ−1, a

t−1
j,ℓ−1),

we perform the particle update above. By doing so, dur-
ing importance sampling described below (Eq. (4)), the ratio
p(btj,ℓ−1| · · · )/qϕ(btj,ℓ−1| · · · ) conveniently becomes one.

In sum, we need to train a recognition model for state
inference, qϕ(st| · · · ), shared by all levels; additionally, for
each level, we train a recognition model for goal inference
at that level, qℓϕ(θ

t
j | · · · ).

Importance sampling. As Figure 3 illustrates, we sample
Nℓ particles based on the recognition networks at each level
ℓ at time t. We can then compute the importance weight for
a particle at level ℓ at time t as

wt =
p(is1:ti,ℓ , o

1:t
i |a1:t−1

i )

qℓϕ(is
1:t
i,ℓ |o1:ti , a1:t−1

i )

=

∑
a1:t−1
j

p(s1:t|a1:t−1
i , a1:t−1

j )πj,ℓ−1(a
1:t−1
j |b1:t−1

j,ℓ−1, θj,ℓ)

qϕ(s1:t|o1:ti , a1:t−1
i )qℓϕ(θj |o1:ti , a1:t−1

i )
.

(4)

We use this weight to refine the posterior approximated
by the recognition model. We show the derivation of Eq. (4)
in the supplementary material. The algorithm for approxi-
mating the belief bti,ℓ using importance sampling using Nℓ

samples is
• For sample n = 1, . . . , Nℓ

– For time τ = 1, . . . , t

* Sample is
τ,(n)
i,ℓ ∼ qℓϕ(·|is

τ−1,(n)
i,ℓ , o1:τi , a1:τ−1

i )

– Evaluate w
(n)
t from (4).

The set of weighted samples {(ist,(n)i,ℓ , w
(n)
t )}Nℓ

n=1 is used to
approximate the posterior belief bti,ℓ. To approximate a se-
quence of beliefs from 1 to T , we re-run this importance
sampling procedure at every time step. We found that this

Alice
Bob

Blocks

Figure 4: An example environment in Construction.

performs better than sequential Monte Carlo because the
quality of the samples from the recognition models dras-
tically increases as the models observe more steps. Re-
running importance sampling at every step ensures that our
method fully utilizes the higher-quality samples produced
by the recognition models at later steps.

Experiments
Construction Environment
Setup Inspired by Ullman et al. (2009) and Tejwani et al.
(2022), we evaluate our method in a 2D grid-world do-
main, Construction, as illustrated in Figure 4. There are two
agents in this domain: Alice (a level-0 agent) whose goal is
to put two of the blocks next to each other and Bob (a level-
1 agent) whose goal is to either help or hinder Alice. Both
agents can observe the full state and each other’s actions but
do not know each other’s goals. Each agent can move in 4 di-
rections. Once an agent is on top of a block, it automatically
picks it up. When the agent is carrying a block, it can put
down the block at any step. At each step, a model is asked to
infer Bob’s goal (helping or hindering) from a level-2 third-
person observer’s perspective, based on the observed actions
of Alice and Bob up until that step, i.e., online inference of
Bob’s goal. Since Bob is also inferring Alice’s goal in or-
der to help or hinder Alice, a successful online goal infer-
ence must infer how Bob infers Alice’s goal as well. In each
episode, there are 10 blocks randomly placed in 20 × 20
grid, and the two agents are randomly spawned in the grid.
There are 45 possible goals for Alice and 2 possible goals for
Bob. The hypothesis space in this domain (90 hypotheses in
total) is much larger than that of prior works. For instance,
there are only 2 - 4 hypotheses in Ullman et al. (2009) and
Tejwani et al. (2022).

Implementation We implement breath-first-search (BFS)
for both agents’ planners and use exact inference for I-
POMDP (by enumerating all possible goal hypotheses) for
both agents at each level to synthesize the actions of the
agents. This allows us to create two training sets – S1 with
Alice acting alone and S2 with Bob interacting with Alice.
Note that S1 and S2 correspond to the training set for level-1
inference and level-2 inference respectively. We also synthe-
size 100 testing episodes of Alice and Bob interacting with



a b c

Figure 5: Online goal inference performance in Construction. (a) Accuracy of all steps over the number of particles (in terms
of the percentage of all 90 hypotheses). (b) KL-divergence between model inference and exact inference. (c) Averaged goal
inference accuracy over the progress of an episode. Ours and Ours w/o NN use 10 particles. The shaded areas show the standard
errors of different methods. Note that we omit the standard error of ToMnet in (b) since it is too large for the figure (0.2).
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Alice
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GT Goals

Online inference of Bob’s goal

Keyframes

Bob goes to intercept 
Alice, appearing to be 
hindering Alice

Bob grabs a block, which
could be either helping or
hindering

Bob moves to the 2nd
block Alice wants, causing 
uncertainty

Bob prevents Alice from 
grabbing the 2nd block, 
showing hindering intent

Figure 6: Online goal inference of our method (with 10 particles) in a typical episode in Construction, in which Alice wants
to put yellow and teal blocks together and Bob tries to hinder Alice. The plot on the top shows the posterior probabilities of the
two hypotheses based on our method’s inference at any given time step. The keyframes on the bottom explain why our method
adjusts its inference. Note that the arrows in the frames show the trajectories of the agents.

each other. We provide more details in the supplementary
material.

Results We compare our method (Ours) against the fol-
lowing baselines.
ToMnet: We adopt ToMnet proposed in Rabinowitz et al.
(2018) to infer Bob’s goal. The network is trained with
cross-entropy loss.
Ours-NN: This baseline uses a uniform distribution as the
proposal distribution instead of neural amortized inference.

We also show the exact inference (EI) performance, in
which we enumerate all possible hypotheses to solve I-
POMDP. Note that for Ours and Ours-NN, we amortize the
level-1 goal inference by sampling a small number of parti-
cles to propose possible goals for Alice and enumerate all 2
possible goals for level-2 goal inference (Bob’s goal).

We report the averaged goal inference accuracy over the
number of sampled particles in terms of the percentage of
the full hypothesis space (90 hypotheses of both agents’

goals) in Figure 5a. From the results, we can see that our
method’s inference accuracy becomes comparable to the ex-
act inference with only 6 particles (6.7% of the hypothe-
sis space). It is much more efficient compared to the exact
inference which needs 90 particles. With uniform propos-
als (Ours-NN), on the other hand, the inference accuracy is
much lower than the full model that utilizes the data-driven
proposals from the recognition network. This demonstrates
that neural amortized inference can sample high-quality hy-
potheses to drastically reduce the amount of computation
necessary for producing accurate inference. Interestingly,
the inference accuracy of the level-1 goal recognition net-
work is only around 17%. This suggests that we do not need
to train a highly accurate network, as long as the proposal
distribution is better than the uniform distribution. In con-
trast, ToMnet achieves poor accuracy, as it neither evaluates
hypotheses with planning nor explicitly reasons about how
the level-1 agent infers the level-0 agent’s goals.



The accuracy of our method maintains at a similar level
after using more than 6 particles but has a more accurate
estimation of the uncertainty of the hypotheses. This is re-
flected in the lower KL divergence between our method’s
inference and the exact inference when there are more par-
ticles as shown in Figure 5b. When considering more hy-
potheses, the model will likely discover alternative hypothe-
ses that can explain the observed behavior equally well.

Figure 5c demonstrates how each method’s online goal
inference accuracy changes over time. Specifically, we plot
the averaged accuracy across all testing episodes as a func-
tion of what percentage of an episode a method has seen.
The result of Ours is based on 10 particles. The inference
of all methods becomes more accurate as they observe more
actions. However, the accuracy of ToMnet increases more
slowly and reaches a lower plateau compared to EI and Ours.

Figure 6 illustrates a typical example of the online goal in-
ference conducted by our method. It shows that our method
not only correctly infers the goal, but can also adjust the
certainty in inference dynamically by evaluating alternative
hypotheses. For instance, when Bob grabs or moves toward
the 2nd block (frames (b) and (c) in Figure 6), he could try
to help Alice by delivering the block to her; he could also
try to hinder Alice by moving it away from her. At these
moments, our model decreases its certainty. However, with
further observation, our model gradually increases its con-
fidence again as the behavior shows a clearer hindering in-
tent. Such uncertainty estimation is key to the robustness of
multi-agent nested reasoning, which can be achieved by only
sampling a small number of particles with our method. We
include additional results in the supplementary material.

Driving Environment
Setup For the second experiment, we simulate the traffic at
an intersection as shown in Figure 7 using a commonly used
driving environment, CARLO (Cao et al. 2020). In this en-
vironment, we randomly assign a goal (forward, left-turn, or
right-turn) to a driver, indicating the destination after the in-
tersection. A car can be controlled through 5 actions at each
step: accelerating, braking, rotating left, rotating right, and
signaling danger to other drivers by honking. Each driver
has only a partial observation of the world. They cannot see
cars out of their fields of view or obstructed by other cars
or buildings. To avoid crashing into other cars, a driver must
infer other drivers’ mental states (goals and beliefs about the
states) recursively and consequently predict other drivers’
future actions. When a driver infers that another driver was
unaware of a nearby car, it is also necessary to signal danger
by honking to avoid a potential crash. The task for a model
is to predict the next action of a car from a third-person ob-
server’s perspective, which requires a level-2 inference in
this environment. Unlike Construction, the nested reason-
ing in this domain includes both the inference of goals and
the beliefs about the states.

Implementation For each driver’s belief, we represent the
world state as the states of the cars in all 8 lanes. For the
k-th lane, we model up to 2 cars that are closest to the in-
tersection: {⟨ek,m, (xk,m, yk,m), (σk,m, vk,m)⟩}m=1,2. The

Cars
Buildings

Sidewalks

Figure 7: An example environment in Driving. The dark
blocks are buildings and the light gray regions are sidewalks.

indices of cars, m, are ordered by their distances to the inter-
section. ek,m ∈ {0, 1} indicates whether a car exists in the
k-th lane. If a car exists (ek,m = 1), (xk, ∈ R, yk,m ∈ R)
indicates its location, we use σk,m ∈ [−π, π] to indicate its
heading angle and vk,m ∈ [0, vmax]) to indicate its speed
(vmax is the maximum speed).

All drivers’ policies are based on a hierarchical planner.
The planner first decides whether to move, stop or signal
danger at each step; if it decides to move, it then selects the
action (accelerate, rotate left or rotate right) that follows the
shortest path; if it decides to stop, then it will brake; other-
wise, it will signal danger by honking. We use exact infer-
ence for I-POMDP to synthesize driver behavior and create
three training sets: S0 with level-0 drivers using exact state
inference (for training the state recognition model); S1 with
level-0 drivers using amortized state inference (for train-
ing the level-1 goal recognition model); and S2 with level-
1 drivers using amortized level-1 inference (for training the
level-2 goal recognition model). In all training sets, there are
3 cars. For evaluation, we synthesize 100 testing episodes of
3 cars interacting with each other. Additionally, we create
two generalization testing sets: i) 4 cars and ii) 3 cars where
one of the cars is controlled by an inattentive driver who is
not paying attention to other cars. Each set has 100 episodes.
To predict a driver’s actions, we use level-1 agent policy, i.e.,
πi,1(a

t
i|bti,1, θi). We provide more implementation details in

the supplementary material.

Results Similar to Construction, we compare our method
(Ours) against EI, ToMnet, and Ours-NN. Note that ToMnet
here is trained to predict the action of each car.

From Figure 8, we can see that our method significantly
outperforms baselines. With only 9 particles (12.5% of the
hypothesis space), our method’s action prediction accuracy
is already comparable to the exact inference (which requires
72 particles2). Interestingly, unlike our method and the ex-
act inference, ToMnet’s accuracy drops drastically over time
in (Figure 8c). This is because later in an episode, cars
are closer to each other and thus have to carefully coordi-
nate with each other based on nested reasoning. This further
demonstrates the difficulty of this domain and the necessity
of robust nested reasoning in understanding and predicting
complex multi-agent interactions.

2We explain why it needs 72 particles in the supplementary ma-
terial.
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Figure 8: Action prediction performance in Driving. (a) Action prediction accuracy in a 3-car scenario. (b) KL-divergence
between model inference and exact inference. (c) Averaged action prediction accuracy over the progress of an episode. Ours
and Ours w/o NN all use 9 particles.

a cb
4 cars 3 cars (with 1 inattentive driver)

d

Figure 9: Generalization evaluation results of models trained with 3 cars controlled by normal drivers. (a)(b) Results on episodes
with 4 cars. (c)(d) Results on episodes with 3 cars where one of the drivers is inattentive.

Online Action Prediction for Green Keyframe

d

Figure 10: Online action prediction of our method (with 9
particles) in a typical episode in Driving. The plot on the
left shows our method’s prediction of green’s action. The
keyframe on the right explains why our method predicts that
green will signal danger at the highlighted step. Note that the
colored cones show the fields of view of the drivers and the
arrows show the predicted goals. At this moment, the model
infers that i) green wants to turn left and that ii) green in-
fers that red wants to go forward and is unaware of green (as
shown in the smaller frame). Thus our method predicts that
green will signal danger to alert the red car to green’s pres-
ence. The ground-truth action is indeed signaling danger.

We further evaluate the generalizability of different meth-
ods. In particular, all methods are trained using episodes
with 3 cars controlled by normal drivers. We test the meth-
ods on episodes with 4 cars (Figure 9ab) and on episodes

with 3 cars in which one of the drivers is inattentive (Fig-
ure 9cd). In both cases, our method still performs signifi-
cantly better than baselines. In Figure 9c, our method’s ac-
curacy drops a bit when using 25% particles. This is because
it estimates more hypotheses and consequently decreases
its confidence in prediction. However, the KL-divergence
becomes lower when the model uses more particles (Fig-
ure 9d), making the uncertainty estimation more accurate.

Figure 10 depicts a typical example of online action pre-
diction by our method (with 9 particles) in the 3 normal cars
condition. By inferring how green infers red’s goal and be-
lief, our method is able to correctly anticipate green’s action
(i.e., signaling danger). Such prediction is made possible by
sophisticated nested reasoning. In fact, due to the lack of ro-
bust nested reasoning, ToMnet consistently fails to predict
any “signal” action correctly. We include additional exam-
ples in the supplementary material.

Conclusion
In this work, we propose a neural amortized inference ap-
proach to accelerate nested multi-agent reasoning. We eval-
uate our method in two complex multi-agent domains with
large hypothesis spaces. The results demonstrate that our
method can significantly improve the efficiency of nested
reasoning while maintaining a high level of accuracy. In ad-
dition, our method can also estimate the uncertainty in its
inference and generalize well to unseen scenarios.

In the current experiments, we only amortize up to level-2



reasoning. However, our method is general enough to amor-
tize higher-order reasoning as well, which we intend to eval-
uate in future work. We also plan to study how to infer the
minimum level required to understand multi-agent interac-
tion in a given domain. One possibility is to train a net-
work to amortize the inference of the necessary level through
meta-learning.

Acknowledgements
This work was supported by the DARPA Machine Common
Sense program, ONR MURI N00014-13-1-0333, and a grant
from Lockheed Martin.

References
Baker, C. L.; Jara-Ettinger, J.; Saxe, R.; and Tenenbaum,
J. B. 2017. Rational quantitative attribution of beliefs, de-
sires and percepts in human mentalizing. Nature Human
Behaviour, 1(4): 0064.

Baydin, A. G.; Shao, L.; Bhimji, W.; Heinrich, L.; Mead-
ows, L.; Liu, J.; Munk, A.; Naderiparizi, S.; Gram-Hansen,
B.; Louppe, G.; et al. 2019. Etalumis: Bringing probabilistic
programming to scientific simulators at scale. In Proceed-
ings of the international conference for high performance
computing, networking, storage and analysis, 1–24.

Cao, Z.; Biyik, E.; Wang, W. Z.; Raventos, A.; Gaidon, A.;
Rosman, G.; and Sadigh, D. 2020. Reinforcement Learning
based Control of Imitative Policies for Near-Accident Driv-
ing. In Proceedings of Robotics: Science and Systems (RSS).

Chuang, Y.-S.; Hung, H.-Y.; Gamborino, E.; Goh, J. O. S.;
Huang, T.-R.; Chang, Y.-L.; Yeh, S.-L.; and Fu, L.-C. 2020.
Using machine theory of mind to learn agent social network
structures from observed interactive behaviors with targets.
In 2020 29th IEEE International Conference on Robot and
Human Interactive Communication (RO-MAN), 1013–1019.
IEEE.

Doshi, P.; and Gmytrasiewicz, P. J. 2009. Monte Carlo
sampling methods for approximating interactive POMDPs.
Journal of Artificial Intelligence Research, 34: 297–337.

Frank, M. C.; and Goodman, N. D. 2012. Predicting prag-
matic reasoning in language games. Science, 336(6084):
998–998.

Gmytrasiewicz, P. J.; and Doshi, P. 2005. A framework for
sequential planning in multi-agent settings. Journal of Arti-
ficial Intelligence Research, 24: 49–79.

Hadfield-Menell, D.; Russell, S. J.; Abbeel, P.; and Dragan,
A. 2016. Cooperative inverse reinforcement learning. Ad-
vances in neural information processing systems, 29.

Han, Y.; and Gmytrasiewicz, P. 2019. Ipomdp-net: A deep
neural network for partially observable multi-agent planning
using interactive pomdps. In Proceedings of the AAAI Con-
ference on Artificial Intelligence, volume 33, 6062–6069.

Le, T. A.; Baydin, A. G.; and Wood, F. 2017. Inference com-
pilation and universal probabilistic programming. In Artifi-
cial Intelligence and Statistics, 1338–1348. PMLR.

Netanyahu, A.; Shu, T.; Katz, B.; Barbu, A.; and Tenen-
baum, J. B. 2021. Phase: Physically-grounded abstract so-
cial events for machine social perception. In Proceedings
of the aaai conference on artificial intelligence, volume 35,
845–853.
Premack, D.; and Woodruff, G. 1978. Does the chimpanzee
have a theory of mind? Behavioral and brain sciences, 1(4):
515–526.
Rabinowitz, N.; Perbet, F.; Song, F.; Zhang, C.; Eslami,
S. A.; and Botvinick, M. 2018. Machine theory of mind. In
International conference on machine learning, 4218–4227.
PMLR.
Rathnasabapathy, B.; Doshi, P.; and Gmytrasiewicz, P. 2006.
Exact solutions of interactive POMDPs using behavioral
equivalence. In Proceedings of the fifth international joint
conference on Autonomous agents and multiagent systems,
1025–1032.
Ritchie, D.; Thomas, A.; Hanrahan, P.; and Goodman, N.
2016. Neurally-guided procedural models: Amortized in-
ference for procedural graphics programs using neural net-
works. Advances in neural information processing systems,
29.
Seaman, I. R.; van de Meent, J.-W.; and Wingate, D. 2018.
Nested reasoning about autonomous agents using proba-
bilistic programs. arXiv preprint arXiv:1812.01569.
Shum, M.; Kleiman-Weiner, M.; Littman, M. L.; and Tenen-
baum, J. B. 2019. Theory of minds: Understanding behav-
ior in groups through inverse planning. In Proceedings of
the AAAI conference on artificial intelligence, volume 33,
6163–6170.
Tejwani, R.; Kuo, Y.-L.; Shu, T.; Katz, B.; and Barbu, A.
2022. Social interactions as recursive mdps. In Conference
on Robot Learning, 949–958. PMLR.
Ullman, T.; Baker, C.; Macindoe, O.; Evans, O.; Goodman,
N.; and Tenenbaum, J. 2009. Help or hinder: Bayesian mod-
els of social goal inference. Advances in neural information
processing systems, 22.


